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Abstract
Seawalls protect valuable coastal property all over the world. These walls are often
subject to severe erosion, or scour which can cause failure. It is therefore of engi-
neering importance to understand the mechanisms contributing to scour. The wave
forces which cause sediment transport have been extensively studied. In contrast,
although the longshore current is the primary proponent of sediment transport in
the surf zone, there have been very few studies of the role this current plays in con-
tributing to local scour. As a first step toward understanding this role, we examine
the cross-shore profile of this current on a seawall protected beach. A stress balance
consistent with a partially stan.ding wave system is developed. Effects of decreased
mixing near the wall, an oscillatory bottom stress profile due to the partially standing
waves, and a radiation stress formulation for these waves are considered. The effects
of mixing, bottom friction, seawall placement, wall friction and width of the wall
boundary layer are studied about the mean profile for which there is no reflection
considered. Perturbation techniques are used to examine the effects of oscillation on
the cross-shore profile of the current separately from the mean effects. Additionally,
a simple model based on this perturbation is developed to estimate the effect of mix-
ing on oscillatory effects. Comparison of the predicted longshore current profile is
made to data obtained by Jones (1975) from measurements taken in a wave basin.
The magnitude of the oscillatory effects present in the data are found with both the
perturbation method and the simple model to correspond to small lateral mixing.
Current profiles obtained with small mixing, however, are not comparable to Jones'
data. The presence of a counter current in Jones' basin which affected his data may
account for this discrepancy. Comparison of the longshore current predicted by the
perturbation method to longshore current profiles without seawall protection show
that the current is increased on seawall-protected beaches near the breaker line, but
that this result is highly sensitive to both the placement of the wall and the amount
of mixing present.
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Title: Professor
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Chapter 1
Introduction
Seawalls and/or breakwaters introduced into the coastal environment change the dy-
namics of wave-current-sediment interaction. The resulting dynamics may cause
scour, or local erosion, at the base of the structure. When the scouring is severe,
the structure can fail, resulting in a loss of coastal protection.
There have been many theoretical and experimental studies of the causes of scour.
These studies, some of which are mentioned below, have concentrated principally on
the effect that waves may have on sediment transport in the presence of a seawall.
Although the longshore current is the primary force behind the movement of sediment
in the nearshore, there has been little work which has directly linked the altered
current structure due to the presence of the wall with increased sediment transport
at this location. As a first step in determining this effect we will examine the cross-
shore variability of the current seaward of the wall.
1.1 Scour: Prior experiments and theories - wave
effects
Heretofore, scour has principally been attributed to wave effects. Early experiments
by Herbich and Ko (1969) with normally incident non-breaking waves over a flat
bottom revealed scour to be a fairly slow process resulting in a regular pattern for
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Figure 1-1: Typical bottom pattern observed after sediment tranport by standing
waves
the bottom profile with the first depression in the pattern occuring one quarter-
wavelength from the base of the structure. As seen in figure 1-1, the cross shore
dimension of this depression was approximately equal to half of the wavelength of the
incident wave.
De Best and Bijker (1971) found experimentally that fine material moved in sus-
pension to the nodes of the standing wave pattern and coarse material moved by
bedload transport toward the antinodes. Irie and Nadaoka (1984) and Xie (1981,
1985) had similar results. Both Herbich and Ko and Xie suggested criteria for maxi-
mum scour depth when the sediment transport was mainly suspended load.
Hughes (1991) adapted Xie's expression in terms of the near-bottom horizontal
orbital velocity of the incident wave spectrum in order to examine irregular waves.
Hughes experiments showed an apparent correspondance between the shape of the
bottom profile and the maximum bottom rms velocity but the theory had to be fitted
by a different linear function for each experimental run and was thus unable to predict
the scour depth for varying experimental conditions.
Silvester (1986) and Hsu and Silvester (1989) thoroughly examined the kinematics
of a complete short crested wave system over a flat bottom in which the non-breaking
waves are perfectly reflected from the structure. After examining experimentally the
effects of this short-crested wave system over a sandy bottom, the authors suggested
that scour takes place in three stages. First ripples are formed whose orientations and
characteristics are dictated by the water particle orbits in the vincinity. Second, the
mass transport effect produces mounds parallel to the reflecting seawall along nodal
or antinodal alignments depending on the obliquity of the waves. Finally, the entire
bed is scoured after sufficient duration of time.
Sato, Tanaka and Irie (1969) examined scour due to both normally incident non-
breaking and breaking waves acting on a sloping sandy bottom with a vertical seawall.
Sato et al. found the typical undulatory bottom pattern for non-breaking standing
waves, but obtained remarkably different results for breaking waves. The scour hole
for breaking waves, which was much deeper and developed much faster than that for
non-breaking waves, appeared at the base of the structure rather than at a distance
of one quarter wavelength from the base as it did for the non-breaking waves. The
authors describe this scouring as being in two steps. In the first step, "the foot of
the vertical wall is scoured rapidly by the waves after breaking in the mechanism
similar to scouring by [a] water jet" and in the second step, "the foot of the wall is
scoured gradually" by non-breaking standing waves which now exist since there is
no longer breaking "due to the increase of the water depth in front of the vertical
wall by [the initial] scouring." These authors suggest a limiting case of scour depth
scaling with the deep water incident wave height, S = Ho. This evidence suggests
that explanations for scour based on non-breaking standing waves may be insufficient
to describe scouring when breaking waves are present.
Chestnutt and Schiller (1971) determined experimentally that the maximum local
scour occurs when the wall is placed 1/2 to 2/3 of the distance across the surf zone
from the shore line.
1.2 Motivation for present work
It has recently been noted in a paper by McDougal, Kraus and Ajiwibowo (1996)
that existing numerical models which have been developed to simulate beach profile
changes (Stive and Battjes 1984; Kreibel and Dean 1985, Larson and Kraus 1989,
Steetzel 1987,1991) do not include the effects of reflected waves, most notably the
change in the cross-shore profile of the longshore current, on sediment transport.
The motivation for this work comes from the field evidence of Birkemeier (1980)
and the experimental evidence of Jones (1975) which suggest that the longshore cur-
rent is affected in both magnitude and cross-shore distribution by the presence of a
shore parallel seawall. We hypothesize that an accellerated current near the seawall
may contribute to local scour.
Birkemeier measured the currents in front of a seawall on Lake Michigan during a
storm in 1976. He found velocities of .3 m/s upstream, .58 m/s adjacent to the wall
and .18 m/s downstream.
In the presence of a shore-parallel seawall, Jones showed experimentally that the
longshore current has a spatially oscillatory structure in the cross- shore direction. In
experiments in a large wave basin, Jones measured the longshore current distribution
over a rigid bottom. He found that the maxima and minima of the current occurred
near the antinodes and nodes of the partially standing (breaking) wave pattern.
In conjunction with his experiments, Jones (1975) tried to theoretically determine
the structure of the longshore current due to the presence of the wall by considering
the dynamics of the surf zone, but made several critical errors in the development of
his theory which made it infeasible.
As a first step toward determining the effect of the longshore current on sediment
transport at the base of the structure, we will examine the cross shore structure of
this current in the presence of the seawall.
1.3 Outline of thesis
Chapter 2 presents a detailed description of Jones' experiments. Jones' theory will be
presented in Chapter 3, along with our development of a theory for longshore currents
on a seawall-protected beach and comparison with data. Chapter 4 gives a summary
of our results, conclusions and recommendations for future work.

Chapter 2
Experimental Data
Douglas Frank Jones, in 1975, conducted laboratory experiments to measure the
cross-shore distribution of a longshore current in the presence of a seawall. This
longshore current was generated in a rectangular basin with a fixed plane beach as
depicted in figure 2-1.
To produce oblique waves, a beach of slope 1:41 was constructed at an angle of
approximately 16 degrees to the flap-type wave generator located at the lower end of
the basin. A vertical seawall constructed of cement blocks was placed parallel to the
bottom contours at the opposite end of the basin from the wave generator. A point
gauge was used to measure the water depth under still water conditions. The water
depth for each of Jones' experimental runs is not explicitly stated, but can be inferred
from the distance of the seawall from the highest elevation of the beach (assumed to
be the value x, = 8.17 ft used in Jones' theoretical model), the ratio of the position
of the wall to the breaker line measured from the water line at the beach, and the
slope of the beach. It appears likely that Jones did not move his seawall between
experimental runs, but merely raised the water line to change the relative position of
the wall to the breaker line.
The wave generator produced monochromatic waves. All experiments were con-
ducted for waves of period T = .85 seconds. Two wave generator strokes were used,
with the larger stroke setting producing steeper waves than the smaller stroke set-
ting. The shorter stroke setting tended to produce plunging breakers and the larger
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Figure 2-1: Schematic Diagram of Jones' experimental set-up
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stroke setting tended to produce spilling breakers which made the estimation of the
location of the breaker line more difficult with the larger stroke setting. Wave profile
measurements were made with a capacitance wire wave gauge. The location of the
wave gauges is not given, but it can be assumed that they were placed to coincide
with the breaker line. A breaking wave height at the breaker line, assumed to be
the combined breaking wave height of incident and reflected waves, was given for
Jones' experimental runs. No information on the incident wave height generated was
given. Jones experimentally determined a breaking wave criterion for the ratio of the
combined breaking wave height to the still water depth a, = .78.
The longshore current was measured with a Type 265 Kent Miniflometer which
electronically counted the revolutions of a jewel-mounted propeller. The geometry and
mounting of the propeller placed the restrictions that the water depth must be at least
1 inch deep and that the propeller could be placed no closer than 2 inches from the
sea wall. The partially standing wave system was unsteady in the experiments. Jones
found it necessary to average 20 minutes of current velocity data at each propeller
location.
The propeller could not be used near the break point where the negative orbital
velocity was sufficiently strong to cause the propeller to reverse direction, a situation
which could not be determined electronically by the flow meter. Thus, dye was used
to determine the "seaward" (toward the wavemaker) location where the longshore
current vanished. In all cases the current decreased to zero within the surf zone
(shoreward of the breaker line). This seems to have been due to the presence of
a current just outside the surf zone flowing counter the the long shore current. A
secondary channel was constructed around the basin perimeter to serve as a conduit
for returning the discharge of the longshore current from the downstream to upstream
section of the beach, but this feature did not function as well as anticipated.
Only the data from the short stroke settings are used for our theortical comparison.
Jones had difficulties determining the position of the breaker line and experienced
extremely high unsteadiness with the long stroke data, making it somewhat unreliable.
The short stroke data is presented tables 2.1 and 2.2 below. Figure 2-2 graphically
Table 2.1: Jones' data for Run 1
Width of surf zone XB = 366cm
Seawall at x,=117 cm
Water depth at seawall h,=2.85 cm
Water depth at breaker line h,=8.93 cm
Measured combined wave height at the breaker line HB = 5.85cm
Position Current Velocity
(cm) (cm/s)
122 10.7
130 12.2
136 13.0
142 13.2
149 11.9
155 11.7
163 12.5
169 12.9
178 11.6
186 11.8
193 12.9
201 13.5
209 13.2
217 13.1
234 12.4
251 9.1
290 0
presents the data for Run 1, and figure 2-3 presents the data for Run 2. The coordinate
X on the abcissa represents the position x non-dimensionalized by the distance to
the breaker line, XB, so that X = x/xB. In Run 2, the position of the seawall has
changed relative to the breaker line.
Table 2.2: Jones' data for Run 2
Width of surf zone W = 396cm
Seawall at x,=142 cm
Water depth at seawall h,=3.46 cm
Water depth at breaker line h,=9.66 cm
Measured combined wave height at the breaker line HB = 6.85cm
Position Current Velocity
(cm) (cm/s)
155 15.1
162 16.1
169 17.8
176 16.8
183 16.2
191 16.6
199 17.6
207 15.8
215 15.6
225 14.9
236 16.7
254 15.5
274 11.0
284 8.9
305 0
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Figure 2-2: Longshore current profile measured in Jones' experimental run No. 1.
Relative position of seawall to breakerline, X, = z,/xB = .32.
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Figure 2-3: Longshore current profile measured in Jones' experimental run No. 2.
Relative position of seawall to breaker line, X, = X,/xB = .36.
Though the water depth at the wavemaker and the angle of incidence at the
breaker line are not given, they can be inferred. If the distance from the wall to
the point of highest elevation is x, = 8.17 ft (249 cm), and the distance from the
water line at the beach (x = 0) to the wall is x,, then the distance from the water
line to the point of highest elevation is given as D = x, - x,,. For Run 1, we have
D = 249 - 117 = 132 cm. For Run 2, D = 107 cm. The length of the beach is 25.5
ft or 777 cm. The position of the breaker line for Run 1 is 366 cm. Therefore, the
length of the shoaling zone is Xh - xB = (777 - 132 - 366) = 279 cm and the water
depth at the wavemaker is ho = -L(777 - 132) - 15.5 cm. The angle of incidence at
the breaker line can be found by Snell's law sin OB/CB = sin Oo/Co, where C is the
local wave speed given by C = w/k where k is determined by the dispersion relation
W2 = gk tanh kh. Thus we arrive at the following results
Xsh - XB ho OB
(cm) (cm) (deg)
Run 1 279 15.5 13
Run 2 274 16.3 13
The ratio of combined wave height to water depth at breaking is lower for the
values given for each of the data runs than Jones' experimentally determined value
of .78. It is common to use a value of approximately .78 for the ratio of an incident
breaking wave height to water depth, a. Therefore, for purposes of comparison to
Jones' data, we will assume a = .78, On = 13 degrees, and all other values to be given
by Jones' data.
Chapter 3
Theoretical models
3.1 Longshore current model for an unprotected
beach
Consider an unobstructed straight and infinite coastline such that the local water
depth, h, is only a function of the distance offshore, x, as defined in figure 3-1.
Periodic waves of amplitude, a, progress over the beach toward the coastline, making
an angle 9 with the positive x-axis.
The profile for the longshore current produced by these waves, predicted theo-
retically by Longuet-Higgins (1970) and later modified by Ostendorf and Madsen
(1979), was determined from a balance of the local wave stress, lateral mixing due to
turbulent eddies and the mean bottom shear stress,
0 = + - ieh -- y (3.1)
where the local wave stress is defined as the onshore gradient of the radiation stress,
Sx = pu-vdz (3.2)
and 4 is formulated as
and Ty is formulated as
C.
CU
x=O
surf zone shoaling zone
x=o Xg X
Figure 3-1: Definition diagram for incoming waves approaching a beach
2 = CpubVc (3.3)
Here p is the density of water, uu, and v, are the x and y components of the hori-
zontal wave orbital velocities, with Ub being the magnitude of u,, v, is the longshore
component of the current,and the constant C represents a friction factor.
In the Ostendorf and Madsen model, e,e the lateral eddy viscosity, is expressed
as
Pe = pM16 5 tan ) tan Ox(gh) 1/2  (3.4)
where M is defined as a mixing parameter and has been found by Ostendorf and
Madsen to have a value of approximately .31, tan 3 is the bottom slope, g is the
gravitational constant, h is the still water depth, and a defined as the ratio of the
local wave height to the still water depth with aB being the value at the breaker line.
The eddy viscosity in the Ostendorf and Madsen model, (3.4), is based on Battjes'
(1975) mixing model. Battjes' lateral eddy viscosity model, like that of Longuet-
Higgins, is proportional to a velocity scale and a length scale. While they have
..
a similar form, they are however based on different assumptions. Longuet-Higgins
considered mixing due to horizontal eddies which were limited in size by the distance
to the shoreline, while Battjes, in a more physically realistic model based on the mean
dissipation of the incident wave energy, assumed that eddies were mainly due to wave
breaking and should thus be limited in size by the local depth.
As mentioned above, a is defined as the ratio of the local wave height to the water
depth and can be written as
2aa= 2a (3.5)
In the surf zone, a is taken as a constant, aB, measured at the breaker line. This
rule is in agreement with direct observations and with laboratory measurements for
breaking waves (Longuet-Higgins 1970). In the shoaling zone, this rule is no longer
adequate, and therefore Ostendorf and Madsen (1975) modified this expression by
assuming that wave height variation outside the surf zone could be expressed by
Green's Law such that
a = as 0< x < XB (3.6)
a=hB xB < x < 00 (3.7)
where the subscript B refers to the values at the breaker line.
Using linear shallow water theory and making use of (3.5), the magnitudes of the
horizontal components of the wave orbital velocities can then be expressed as
Ub 2= gh cos 0 (3.8)
vb = sin 0 (3.9)2
- sin OB (3.10)
where Snell's law
sin = sinOB (3.11)
has been applied to 3.9 to obtain 3.10.
The local stress is evaluated as
aS 5 6h\ 3 / 2S pga sin OBhB - tan 3 (3.12)ax 16 (hB
where it has been assumed that the gradient of the water depth h is approximately
equal to the bottom slope, tan 0, and that for a small angle of incidence, cos 0 P. 1.
Equation 3.1 can be non-dimensionalized with the local wave stress, the mixing
term and the bottom shear stress scaling as X 3/2, X 5/2, and X 1/ 2, respectively within
the surf zone, and the mixing term and the bottom shear stress scaling as X 5/4 and
X - 3/ 4 , respectively in the shoaling zone, such that
P / -a X1/ 2  = X 3/2 0< X < 1 (3.13)19X ( X ax)
P X5/4 = 0 1 < X < oo (3.14)
where X = X/xB, V = v,/vo, with
vo = 1i• gh tan 0 sin OB (3.15)16 C
and
P= M (5 tan 1/3 7r tan2 (3.16)
\M16 c C
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Figure 3-2: Longshore current profiles for various values of P.
P is a nondimensional parameter representing the relative importance of the hor-
izontal mixing. The local wave stress, which exists due to the action of breaking
waves, is zero beyond the breaker line.
Figure 3-2 shows the resulting dimensionless longshore current profiles for various
values of P.
3.2 Longshore current model for a protected beach
3.2.1 Jones' theory
Jones develops the following stress balance in the surf zone
I- dzpuv = h-- A [ (3.17)
by depth integrating and time averaging the y-component of the Navier-Stokes equa-
tion.
Although Jones does, the reader should not confuse this with the symbolically
similar equation of Longuet-Higgins. Jones does not Reynolds average his equation
and thus does not obtain the turbulent mixing term that Longuet-Higgins does. The
second term in Jones' equation represents viscous mixing, a quantity which is much
smaller than turbulent mixing in the surf zone and should be neglected.
Jones refers to the first term as the gradient of radiation stress. This is also
incorrect, as Jones' formulation for this term contains not only the x and y wave
components standard to the definition of radiation stress, but rather, by Jones' no-
tation, the combination of wave and current components.
U = Uw
v = v, + vC (3.18)
Strictly speaking, this is still incorrect because u and v by Jones' analysis should
also contain turbulent components. Because Jones does not consider the turbulent
components of u and v, and because the current is assumed to be time-invariant, he
actually acheives the correct result for the radiation stress as defined by Longuet-
Higgins when he evaluates it for incoming waves,
SY = sin 0 cos 0 1 + cosh khh kh] (3.19)
* 4 cosh kh sinh kh
For incident and reflected waves, Jones suggests that the radiation stress can be
expressed as
S= - , = sin cos 0 1 + cosh kh (a - ainh kh) (3.20)
which we will see in section 3.2.5 is equivalent to our expression for Sxy. Here, ar is
the reflected wave amplitude.
To find the structure of the longshore current in the presence of a seawall, Jones
begins by omitting the mixing term to determine a reference profile about which the
effects of a seawall are to be investigated. He then goes on to make two assumptions:
1) 7y is uniform across the surf zone. 2) The gradient of the incident radiation stress
exerts a much greater force on the water column than that of the reflected radiation
stress and thus the gradient of the reflected radiation stress can be neglected.
It follows from the first assumption that the gradient of the incident radiation
stress is constant. Thus, Jones obtains
(x - XB) = Sy ILB (3.21)
To find the constant value for T, Jones' evaluates (3.21) at x = 0 and obtains
_=- Sy IB (3.22)XB
where xB is the width of the surf zone. Now obviously, this is incorrect. It is clear
from (3.20) that since a = a(x) and h = h(x), the derivative of the radiation stress is
not a constant, but varies in x.
To finish Jones' logic, he then expresses this "constant" value of - as
S= pCI v ~ , (3.23)
which he assumes can be approximated by
T = pCC v 2 (3.24)
where
I v 2 = U + v ,)2 (3.25)
with Ub and vb being the magnitudes of the wave orbital velocities in the shore normal
and shore parallel directions, respectively.
Finally, he combines (3.22), (3.24) and (3.25) into a quadratic equation in vc
SpCI u + b + /2  (3.26)
TY W v b (Vb + VC C(3.26
which he evaluates to arrive at a solution. Given reflection, this produces an oscilla-
tory cross-shore profile of the longshore current.
All of his theoretical analysis aside, Jones has actually only stated the obvious.
The magnitude of the longshore current is related to the bottom shear stress. Jones
knows that the magnitude of the shear stress has to be related to the forcing from
the loss of momentum from the incident waves due to breaking, but has no idea how
to estimate the magnitude of this forcing at any given location in x. Therefore, he
makes a rough estimate, and assumes that all of the radiation stress that exists at the
breaker line is dissipated by the time the waves reach the beach. He then guesses that
the gradient of the radiation stress can be approximated by a constant and arrives at
the expression given by (3.22).
Obviously, this analysis is very approximate, representing little more than an order
of magnitude estimate, and should be improved upon.
3.2.2 Solution for surface displacement and wave orbital
velocities
Consider a beach of infinite length and constant slope. An infinitely long seawall
aligned parallel to the shoreline is contained within the surf zone. Take rectangular
axies with the x and y axes horizontal in the mean surface and aligned such that
the wall lies along the y-axis and the x-axis points offshore with x = 0 located at the
shoreline and the seawall located at x, as depicted in figure 3-3. The z-axis points
vertically upward.
The fluid is governed by the following relations
C
U
surf zone shoaling zone
X=O Xw XB X
Figure 3-3: Definition diagram for waves approaching a seawall-protected beach
V20 = 0
z~ = 0 z = -h (3.27)
1t + qX7X + y7y - Oz = 0 z = q'
5t + I(V¢)2 + g• = 0 z =r
where q and r are a velocity potential and the surface elevation, respectively.
Let us assume the following expansions where e is a small parameter of the order
O(a/h),
S= 0(0) + (1) +... 
(3.28)
77 = 77(0) + I7(1) + ...
If we introduce these expansions into equations (3.27) and Taylor expand the
surface boundary conditions around z = 0, we have at the leading order
V20(0) = 0
(o) = 0 z = -h(3.29) (3.29)( o) _ () = 0 z = 0
0o) + g(o) = 0 z = 0
and at the second order
V20(1) = 0
0(1) = 0= -h (3.30)) - () = (o)() >- _0(o) + (o0)0o) oz =
0(1) + =g(l() [((0))2 + ((o))2 + (00))2 z = 0
We assume a total surface displacement of
r(0o) = a[cos oi + Rcos r,] (3.31)
for which a is the incident wave amplitude, the reflection coefficient, R, is the ratio of
the reflected wave amplitude to the incident wave amplitude, and 6, is an arbitrary
phase shift induced at the wall.
The phases of the incident and reflected waves can be written
Oi = [ýi(x, y) - wt] (3.32)
¢0 = [ (x, y) - Wt + 6r]
such that
V(i = ki, V5r = kr (3.33)
where k is the wave number vector, of magnitude k.
From equation (3.33) it follows that,
= - k cos 0Ox
= k cos 0Ox
= ksin 0
_ = k sin 0
0y
and thus we find
i = - fw k cos 9 dx' + foy k sin 0 dy' - wt
Cr = fxw k cos 0 dx' + foy k sin 0 dy' - wt + 6S
The velocity potential satisfying the leading order governing equations is
(0o) = ag cosh k(z + h)[sin Oi + Rsin Or]
w cosh kh
At the second order we expect a solution of the form
0(1) = Pt + O(2wt)
7(1) = i + O(2wt)
By imposing the constraint
_ ak [tanh kh +
2 +
(2 Cos2 0 _ 1)
tanh kh R cos(Oi - Or)
a[ 9k sinh k(z + h) 1
cosh kh 2
1 (gk 2
2
(agk 2
w
cosh 2 k(z + h)
cosh kh
sinh2 k(z + h) 1+ R2)
cosh 2 kh 2
The horizontal velocities are
(3.34)
(3.35)
(3.36)
(3.37)
we obtain
S•dx = 0 , (3.38)
(3.39)
(3.40)
u w = -
vW = 0=
ag cosh k(z + h) 0 0i
cos 'i/
w cosh kh [z•
ag cosh k(z + h) [0di
w cosh kh [y cos a i
+ R •Dx
+ R D
+y
cos Or]
cos r]COS~
(3.41)
(3.42)
or, using (3.35)
ag cosh k(z + h)kcos
Uw k cos hw cosh kh
ag cosh k(z + h)
w cosh kh
(3.43)
(3.44)[cos ¢i + R cos O'r]
The vertical velocity is
wW = z =
agk sinh k(z + h) [sin ?i + RsinO]
w cosh kh (3.45)
In the limit of shallow water for which kh <K 1 and w = Vghi k, we obtain
uw = a ýcos 0[- cos ¢i + R cos Cr]
vw = a r•sin 0[cos i + R cos Or,]
(3.46)
(3.47)
For a small angle of incidence, a reasonable approximation in the nearshore region,
cos 0 , 1. By Snell's law, we have
sh
sinO= 0 - sinOB
ShE
(3.48)
and introducing the relation for the incident wave amplitude suggested by (3.5),
a = 2h, we finally obtain
uw = O'F [- cos ¢, + R cos O]r]
[- cos ¢i + R cos Or]
(3.49)
a'-- fh
V 2 Jgh Bl sin OB[COS 0 i + R cos Ir]
These expressions can alternatively be written as
uw = Ub COs(,U - t)
v, = vb COs(, -Wt)
- 2R cos(¢i - 'r)] 1/2
- sin ýi + R sin(&r + 6,)tan U =
cos & + R cos(r + 6,)
Vb = 2 -sin
tan =
OB [1+ R 2 + 2Rcos(Oi
sin &i + R sin((r + Jr)
cos &i + R cos(r + r)
with Ci and ýr defined by (3.32), and
i - = -2 dx' - brVg__h
3.2.3 Wave height variation
If we consider that within the surf zone, x < xB, the incident wave breaks by the
relation 2a = H = aBh, but that the reflected wave only shoals such that
=a (3.58)
arB h)
(3.50)
where
(3.51)
(3.52)
and
(3.53)
(3.54)
(3.55)
(3.56)
(3.57)
Ub =a h +R
2
2'" - '-
- Or )]1/2
then we can show that for x < xB,
R(x) = __ R (3.59)
Here ai denotes the incident wave amplitude and ar denotes the reflected wave am-
plitude. Outside the surf zone, both the incident and reflected waves shoal and
R = RB = constant.
Based on these assumptions, we would have a combined wave height in the surf
zone of
H = 2a(cos oi + R cos pr) (3.60)
Substituting (3.5) for a, we find
(H = a (cos + R cos ?P,) (3.61)
We have defined our incident and reflected wave phases such that if there is no
arbitrary phase shift, b6, at the wall, then an antinode would occur at this location
and we would have a combined wave height
(Hi =a(1 + Rw) (3.62)(h w
which is a factor (1 + R,) greater than that of a simple progressive wave at this
location. R. is the reflection coefficient at the wall.
In fact, at all antinodes of the partially standing wave system expression (3.61)
takes a locally maximum (within a half wavelength) value,
Ts= ap (1 + Ra ( s))
(= 1 + R, ( )5/4) (3.63)
This captures our physical assumption that the effects of reflection should diminish
as we move across the surf zone away from the wall.
Our assumption of the breaking characteristics of the incident and reflected waves
within the surf zone can be compared with Hsu and Silvester's theoretical curves for
the limiting wave height of a short-crested wave system. These curves were calculated
numerically based on a third order approximation to the wave theory for two oliquely
interacting wave trains of equal amplitude and period traveling in water of constant
depth (Hsu, Tshuchiya and Silvester, 1979) by applying the Rankine-Stokes condition
of U = 1, where umax is the maximum water particle velocity at the wave crest
and C, is the phase speed of the wave. The case for the angle of incidence for the
incoming wave of 45 degrees was verified by the experimental work of Halliwell and
Machen (1981). If we assume that the incident wave is nearly normal to the beach in
the surf zone, then the combined breaking wave height will be fairly well represented
by a standing wave. For most values of h/L, Hsu and Silvester's predicted combined
breaking wave height is approximately 1.3 times greater than that for a progressive
wave.
If we consider perfect reflection at our wall, then it is only in the neighborhood of
this wall that we can expect to have two wave trains of equal amplitude and period
interacting. By our assumptions, the combined wave height at the wall would be
twice that for a progressive wave and would thus be overpredicted.
By our assumptions, the combined wave height would approach the limiting case
of a progressive wave as R -- 0. This limit would also be true of an approximation to
the wave theory for two obliquely interacting waves trains of unequal amplitude such
that the ratio of their amplitudes was O(R) and R -+ 0. Therefore we will consider
our assumption to be adequate near the wall for low reflection, and we will treat it as
an initial attempt which may be improved if needed for large reflection coefficients.
3.2.4 Governing equations for longshore current
We will use the general stress balance suggested by Longuet-Higgins
0= __X
8@
a•
a~x (3.64)
for which expressions for - a , Tr and T are developed in the following sections.
3.2.5 Radiation stresses
The excess momentum flux tensor termed radiation stress by Longuet-Higgins and
Stewart (1960) is defined to the second order in wave steepness, e = ak as
0 a
+PJ dz-a9z
0
ufw, dz'
z
dzdz
-J-h W h W~d
+P h
(3.65)
dz• v,w, dz'az z
(3.66)
(3.67)Sy = p -uvT dzLh
Substituting (3.31), (3.51), and (3.52) into the above expressions and retaining
only the non-periodic terms, we find
pga 22 {Rcos(I- 2)[(1- 2 Cos 2 )khSXX = R cos(7p - 2) n kh tanh kh2 tanh kh
1
+ (1 + R 2)2
o 2 kh(1l+cOs2 0)
cos + cosh kh sinh kh
SXX
Syy
= p--
0 _
- w( ýJ h dz + p hv dz
(3.68)
9r12
= p
pga 2
2 Rcos(V1 -
+ R2) [sin 2
2(1 - cos2 )k h
02) 1 + tanhkh - 2kh tanh kh
kh(1 + sin2 0)
cosh kh sinh kh
SxY
pga 2  kh 1
-- 2 sincosh kh sinh kh ( 2 - R2) (3.70)
In the limiting case of R = 0 (purely progressive wave) these expressions for the
radiation stresses reduce to the standard form suggested by Longuet-Higgins and
Stewart (1960), here taken from Mei(1992).
pga2 [kik2 2kh
sinh kh (3.71)
2kh]
isinh kh
where kx = k cos 0 and ky = k sin 0.
In the limiting case of R = 1 (a perfectly reflecting seawall) and constant depth,
these equations reduce to the expressions found by Mei (1973),
S= pga2 [cos(2k cos Ox)
cos2 0 1 kh/
sinh 2kh
= pga2 [cos(2k cos Ox)
+ sin 2 0 G
200
kh
sinh 2kh
(sin 2 0- cos 2 0 cosh 2khi kh) sinh 2kh
kh
sinh 2kh
I kh
2 sinh kh
+sinh 2hI
sin 2 Okh
sinh kh
cos 2 Okh
tanh 2kh)
Additionally, they satisfy the balance
070 = -9o axy
SYY
1
+ 2(12 (3.69)
SXx
SYY
sXy
(3.72)
(3.73)
(3.74)
ph asj
ph &xj (3.75)
suggested by Mei (19 (3.39).
If we assume shallow water conditions, kh < 1, near-normal incidence of the
waves, cos i -1, together with (3.59), then we obtain from (3.70)
S.y = 1 pga Sin B (h5/2 _ 2 5/4) (3.76)8 R•B,{B) (3.76)
and for -aOS
9Sy- _ 1pgo2 sin OBhB (h 3/2 tanfl x < XB (377)161 hB (3.77)OX 0 X > XB
It is interesting to note that this expression (which adopts our breaking model)
is completely independent of the reflection coefficient and identical to the expression
obtained by Longuet-Higgins (1970) for R = 0. Thus, while the presence of a seawall
diminishes Sxy at the breaker line by a factor of (1 - RIB), it does not affect the net
stress exerted by the waves on the water in the surf zone, - O
3.2.6 Bottom shear stress
If, for the longshore component of bottom shear stress, we were to adopt the formula-
tion of Longuet-Higgins (1970) which neglects vb, the magnitude of v., with respect
to Ub, the magnitude of u,,, as defined by (3.53) and (3.55), such that
2 = CpubUc (3.78)7r
where for convience we write
Ub = 2 b (3.79)
defining
ui = [1 + R2 - 2Rcos( 1l - P2)] (1/2) (3.80)
and
vb = - h sin 0OB~b (3.81)
vb = RT sinB[1 R + 2Rcos(QO - 02)2)] (3.82)
then T would be underpredicted near the wall (x = xz) where u, would be zero
when R=1, but v. would be finite. We, therefore, suggest a form of the bottom shear
stress,
2 CPgp hBv, (3.83)
for which
B = lib~2 + g211/2 ( + ( 2) + 1 (3.84)
B reduces to 9i- under Longuet-Higgins' assumption of Ub > Vb. Thus this expres-
sion for T reduces to longuet-Higgins' expression away from the wall where ub > vb
and becomes
T = 4CPVbVc (3.85)
7r
near the wall as it should, given that at this location vb > ub.
This expression for the bottom shear stress has been developed in the following
manner.
The mean bottom shear stress is related to the total mean velocity
T = Cp u~, + (v, + ve)2 11/2 (u,, v + v) (3.86)
In the y-direction, the mean bottom shear stress is then
-= Cpl u2 + (v, + v,) 2 11/2 (v, + vC) (3.87)
Substituting (3.51) and (3.52) into (3.87), we obtain
Iu 2 + (v + )2 11/2
= I u cos 2(€, - wt) + v2 cos 2(0, - wt) + 2VbVc COS(O, _- wt) + v2 11/2
I c cOS2  - Wt) + COS 2(qv - wt) 11/2
( vbv1c COS (c - Wt) (3.88)u cOS2 ( - Wt) + Vcos2 2(, - Wt)
v,, + vc = vb COS(*, - wt) + vc = Vb cos( , - t) 1 + V C (3.89)
where it has been assumed that v2 <« (u2 + v2) to arrive at the final form of (3.88).
It is only at the first few antinodes of Ub and vb for large R that O(vb) Ž O(ub)-
It so happens that at the antinodes, for all 6r, 0, = Ou + r, so that cos(q, - wt) =
- cos(O, - wt).
In this case, the time varying bottom shear stress can be written as
S -Cp + 11/2 ~Ub I cos(, - Wt) I cos(, - Wt)
VbVc __WO_(____c_ _y -1- ( 1 -
- C (u+ vb) c - ) vb COS((, - Wt)
= -Cpl + v1/2 b COS( - Wt) I
w) (u vbVc V] (3.90)[U b+ ) bJ
Taking the time average of T- we find
T = Cp + v2 2 11/2vb 2 V (u +) (3.91)
Away from the wall where Ub > Vb, this expression reduces to
2 [bu•p l pUbv-r (3.92)
Ty-CPUbVb- + Tb C P7r L b Vbj7
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Figure 3-4: Definition diagram of the Two Region Model
Near the wall where vb > Ub, this expression reduces to
V-Cp -b +  = CpvbcV 4 (3.93)
7r Vb Vb r
Apart from the first few antinodes near the wall, at all other locations Ub > Vb.
Therefore, we can see that expression (3.91) captures the behavior of the mean bottom
stress throughout the surf zone.
3.2.7 Lateral mixing models
Two region model
Here we consider the nearshore region broken into two separate regions: the surf zone
between the wall and the breaker line and the shoaling zone outside the breaker line,
as shown in figure 3-4.
We apply Battjes' mixing model
(5 tan-R 1/3 _(9
pM 5 tan tan Ox(gh)1/2ha (3.94)
16 aB )z
Surf Zone
Y
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Figure 3-5: Definition diagram of the Four Region Model
to both regions.
Four region models
Battjes' mixing model is proportional to a length scale, namely the depth, which
follows from Battjes' assumption that dissipation in the surf zone is mainly due to
wave breaking. However, when the distance from the wall is less than the local depth,
a more appropriate length scale may be this distance. Thus, we propose a four region
model for the nearshore region shown in figure 3-5.
Region 3
Regions 1-3 lie within the surf zone while region 4 contains the shoaling zone and
extends from the breaker line into deeper water.
In region 1, wave boundary layer wave-current interaction produces and equivalent
roughness felt by the current of Xoa (Grant and Madsen 1986).
In region 2, the current experiences less mixing than in the rest of the surf zone.
This is because the size of the eddies is restrained by the distance to the wall, x - x,,
which is less than the water depth, h, in this region. Thus, in subregion 2, the models
for the eddy viscosity use length scales propoptional to x - x, so that ,1 2 - X - X"'
Region 3 corresponds to the original model of the surf zone. Here the eddy vis-
cosity is proportional to a length scale h so that p1, - h. Region 4, for which x > XB,
is the shoaling zone.
We propose two models for the lateral shear stress in region 2.
3.2.8 Breaking wave model
This model assumes similarly to Battjes' model that the turbulent eddies in region
2 are mainly due to wave breaking, but adopts a length scale proportional to the
distance from the wall, rI(x - x,), where i, is von Karman's constant.
T12 p= M2  tan ) (gh)1 /2 (x - Xw)hx xX + xao < x < xw + 6 (3.95)
S= pM3 5 tan 4  1/3 (gh)'/ 2 h- a +6 < x (3.96)k 16 ax
The difference in mixing coefficients M2 and M3 recognizes that not only may the
eddy size be diminished in this region near the wall, but also the magnitude of the
velocity scale may differ.
If we require M2 = M3, then for the eddy viscosity models to be continuous
between region 2 and region 3, these regions should match when r(6) r h6 , where h6
indicates the water depth h at x = x, + 6.
6J = KaXB = hm = tan /(x, + AXB)
6 j tan x, = tan /
xB (r - tan /)XB (r - tan /)
3.2.9 Shear boundary layer model
This model assumes that the eddies in region 2 are mainly due the shear layer induced
by the presence of the wall. These eddies would be oriented horizontally in this region.
This layer would extend until the vertical eddies produced by the breaking waves
dominate the horizontal shear eddies.
8v cT12 = PKh IV (Z - ,,,)h• + Xoa < X < x• + 6 (3.97)
T3 = pM 3  tan4  1/3 (gh) /2h w + < < B (3.98)16 ) ) 9X
Here v* is a shear velocity at the wall defined by
v* = W(3.99)
rP
Because the nature of the turbulent eddies is different in the two models, the
width of region 2, 6, remains a free parameter.
3.2.10 Two region model - Longshore velocity profile ne-
glecting lateral mixing
Balancing the net stress exerted by the waves on the water with the y-component of
bottom shear stress and neglecting lateral mixing within the surf zone, (3.64) reduces
aSXY0 = 9 -T < x < XB (3.100)
from which we obtain an expression for the longshore current,
V = (3.101)
where '9 and T, and v, are given by equations (3.77), (3.85) and (3.15), respectively.Ox
We can compare these results to those of Longuet-Higgins with no seawall present
(R = 0) and to the experimental results of Jones. The solid sinusoidal curve in
figure 3-6 shows the resulting profile for V = v/vo using Jones' data from Run 1 to
evaluate B. This curve follows the linear prediction Longuet-Higgins (solid line), but
the presence of the seawall introduces a sinusoidal behaviour. Physically, it is the
bottom friction which varies due to the partially standing wave pattern, represented
by the factor B, that is the cause of this waviness in the solution. Figure 3-7 shows
B calculated from (3.84) using Jones' data from Run 1. The dashed curve in figure
3-6 shows V calculated when Longuet-Higgins' assumption Ub >> b throughout the
surf zone is adopted. This implies that B = 9b, and we can see that near the wall,
the bottom shear stress is underpredicted (B = ii -+ 0 as shown in figure 3-8 ) and
the resulting longshore current unrealistically approaches infinity.
The sinusoidal behavior is also present in Jones' data and we can see in figure
3-9 that our solution predicts the locations of the first peaks in the longshore current
fairly well. Jones' data for Run 1 has been non-dimensionalized by v, in figure 3-9,
with the value of C being taken as 0.01, a value suggested by Longuet-Higgins (1970)
and also used by Jones (1975) in his comparison with his own data. The magnitude
of these peaks is overpredicted due to the neglect of lateral mixing which will have a
dampening effect on the solution and thus will reduce the magnitude of the peaks.
The rapid decay of Jones' curve as X -- .8X, is due to the presence of a counter
current just outside the surf zone, which caused a point of zero longshore current
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9X
Figure 3-6: Solution for longshore current profile neglecting mixing effects using values
from Jones' data for Run 1. The straight line is Longuet-Higgins' solution for an
unprotected beach. The solid curve represents the solution for a seawall-protected
beach when B is evaluated from (3.84). The dashed curve represents the solution on
a seawall-protected beach with the assumption that B = Ub.
0
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0
0
Figure 3-7: B calculated from (3.84) using values from Jones' data for Run 1.
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Figure 3-8: B = ~i using values from Jones' data for Run 1.
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velocity to occur within the surf zone. There was no reason given by Jones for the
presence of the counter current, although is seems likely that it arose due to the
nature of the experimental set-up in the wave basin.
3.2.11 Two region model - Longshore velocity profile with
lateral mixing
Let us now consider the full force balance in the surf zone including lateral mixing.
Adopting Battjes' formulation for the eddy viscosity and Ostendorf and Madsen's ex-
pression for a outside the surf zone, we have the following non-dimensional equations
for the force balance:
P" (X5/2 •• - BX1/ 2 V = -X 3 /2 X, < X < 1 (3.102)
8~xo, ov BV
P X5/4 =0 1 < X < oo (3.103)
where B is as defined in (3.84).
For the limiting case of R = 0, B reduces to
B = 1 + sin]2 {B  h + 1 (3.104)
hB 1 + h sin 2 OB
Since most of the longshore current is contained within or very near the surf zone,
we assume ub >> b and that
B P- 1 X, < X (3.105)
By assuming a particular solution of the form V = AX to equation (3.102), and
homogeneous solutions of the form V = BX P to equations (3.102) and (3.103), we
obtain a solution similar to that of Ostendorf and Madsen,
V = B1XP + B2XP2 + AXI C1XP3 + C2XP4
Xl < X < 1
1 < X < 00
3 (9 + 1 )1/2pl = + + -4 16 P
3 (9 + 1 )1/2
P2 = 1 (1 1/2P3 =- + +
1 1 1/2
8 64 P
1
A= - (1- P)
5A = X Iln(X)
7
P =
5
These equations are subject to the following boundary conditions:
v-+,
V is bounded as
are continuous atav
-x
X -X,
X -+ 00
X=1
where V,, can be thought of as a slip velocity at the wall.
Applying these conditions we obtain
V, = BI1Xw1 + B 2XW2 + AX,
B 1 + B 2 + A = C1 + C2
where
(3.106)
(3.107)
(3.108)
(3.109)
(3.110)
(3.111)
plB1 + P232 +B A = Clp3 + C2p4  (3.112)
C1 = 0 (3.113)
From (3.113) and (3.111) we obtain
C2 = B 1  B + A (3.114)
Combining (3.113), (3.111), and (3.114) gives us
(P2-p2 ) B2_ -lp4)B = (P - B - A (3.115)
(P1 - P4) (P1 - P4)
And finally, this expression can then be combined with equation (3.110) to give
V - [X .- ( X-P4) A
B2 = [x - (3.116)[XP2 - X(-P4) I
With these coefficients, we can compare our solution for V with Jones' data.
Jones' data suggests P = .5 and V, = .28. Taking these values, we are able to predict
Jones data. However when we apply a no-slip condition, V, = 0, at the wall, we can
see in figure 3-10 that our solution for V, which includes the effects of mixing but not
of reflection, rises too slowly to predict Jones' data. This is because the mixing term,
which causes the damping of the curve, is too large. In this term, we have adopted
Battjes' model for the eddy viscosity which has a length scale proportional to the
local depth. However, at a distance from the wall which is less than the order of the
local depth, this length scale is too large. It is in this region of thickness 6, that we
need to account for a boundary layer.
It is worth noting that the solution with the no-slip condition cannot be improved
simply by varying the parameters C and P. We see in figure 3-11 that the solution
still rises too slowly with the no-slip condition even when C is reduced to .00015 and
P=10.
Figure 3-10: Comparison of predicted V with Jones' data for Run 1. The solid curve
solution for V applies a slip condition at the wall, P = .5, V, = .28, C = .01. The
dashed curve solution for V is found by applying a no slip condition at the wall,
P = .32, V, = 0, C = .01.
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3.2.12 Four region model - Longshore current profile with
lateral mixing from breaking wave model
Adopting the breaking wave model for the depth-integrated lateral shear stress, TI2 ,
we find the following non-dimensional equation
PK M2 0
tan 0 M3 8X
(X - X,)X3/2 a]V8, X /- - BX1/2V = _X3/2
X, + Xoa < X < X, + A (3.117)
Making a change of variables,
( = X - X, (3.118)
and noting that << X,, we obtain a simplification to the non-dimensional equation
M2 PK 9
M3 tan / 30
(e) Bxv (3.119)
which has a particular solution
XVP = Bw (3.120)
and a homogeneous solution
Vh = a&io 2 BPw tan 1/2) + K (o2 [BP tan 0 1/2V Pr'XW (3.121)
with undetermined coefficients al and 31. The general solution form for a broad class
of ordinary differential equations reducible to the Bessel equation is given in Mei
(1995). I0 and Ko are modified Bessel functions which can be found in Abramowitz
and Stegun (1972).
The homogeneous solution becomes for small arguments
Vh = 1 - In (2 2 Bw tan 1/2,, (3.122)
and thus, V2 can be written
V2 = D, + D2 In(X - X,) X,+ Xo,, < X < X,+ 6 (3.123)
where the two arbitrary constants D 1 and D2 are related to ac and P0 through
(D1 = al-alln Pr'
1
D2 = -012
This small argument approximation found in Mei (1995) is within 94 percent of
the full solution when the argument is less than .13. All solutions for the longshore
velocity in region 2 made with this appoximation which are presented within this
thesis can be considered to have this accuracy unless otherwise stated.
The requirement that the longshore velocity, V2 , goes to zero at X = X' + Xoa,
allows us to eliminate D 1, whereby we can write
V2 = D2 In (X ) (3.124)
We now have the following non-dimensional equations for the force balance:
M(2 P, X )X32aV - BX'/2V = X3/2
M3 tan 0 XX (X-X /IV =
X,+ Xo < X < X, + A (3.125)
X5/2 ) - BX 1/2V =X3/2 X,+A <X < 1
X5/4)VaV BV = 0
X3/4
1 < X < oo (3.127)
which have the following solutions for the longshore current when R=0,
D 2 In XXoa
B 1XP' + B 2X P2 + AX
C1X P3 + C2X P4
X, + Xoa < X < Xw + + A
(3.128)
1 < X < oo
with pI, p2, p3, P4 and A given by (3.107) and (3.108), respectively.
These solutions are subject to the following conditions for matching
V, T1 are continous at
OV
V, are continuous at
V is bounded as
X=
X 00oo
(3.129)
(3.130)
(3.131)
Applying these conditions we obtain
D2 ln(Xt) = B 1(Xw + A)PI + B2(Xw + A)P2 +
1M2AD2 = M3 tan 3(Xw + A) [Blpl(X w + A)p l - l
+B 2p2(X, + A)P2- + A]
B, + B2 + A = C1 + C2
plB 1 + p2B 2 + A = Clp3 + C2P4
C1 =0
P a
dX
(3.126)
P
8X
V
A(Xw + A) (3.132)
(3.133)
(3.134)
(3.135)
(3.136)
Combining (3.134), (3.135) and (3.136), we have
C2 = B + B2 + A
and
(p2 - P4) (1 -p4)B = -B2 - A(p1 -p4) (P1 -4)
From (3.132) and (3.133) we obtain
Bl(p(X, + A)PI + B2A 2(X, + A)P2 + APA(Xw + A) = 0
where
M3 tan In
- M3 tan In
M2 a
M3 tan I
- InM2
(
Xoa P]
X - oa)P2]
Xo]
(3.140)
(3.141)
(3.142)
And finally combining equations (3.138) and (3.139), we have
(3.143)A(XA(X + A) (-P4) W(X, + a)p]B2- [= X - + a )  (- -P4)
(X + A)P2 (-P4) 1 (X W + .A)P]
12(PI--P4) I•
with D 2 obtained from (3.132).
To evaluate these expressions, it is necessary to estimate the non-dimensional ap-
parent roughness Xoa = Xoa/XB. Normally this value is obtained from the solution of
the wave-current interaction problem. For the purpose of making a simple compari-
son to Jones' data, we estimated Xoa = k,/30, where k, = 0.0305 cm is the equivalent
roughness of a concrete pipe (White (1991)).
Since the variables X,, Xoa and t are determined by the physics of the problem,
our only free parameters are M, P, and A. If we require M2 = M3, then region 2
(3.137)
(3.138)
(3.139)
[1 [1
92 [1
OA = [1
XFigure 3-12: Current profiles for a sequence of the ratio of the mixing coefficients
M-= .01,.1 and 1, with P = .54 and A = .02
M3
should match region 3 when /AxŽB = he.
From Jones' data for Run 1, we have X, = .32, t = 16.7 and Xo,, = .0000028.
Allowing z to vary, we can look at the effect of this parameter on the solution
for constant P = .54 and A = .02, which corresponds to KAxB = hm. In figure 3-12,
we can see that by decreasing - , the mixing in region 2 is decreased, and thus the
solution for V rises faster. This is equivalent to decreasing the mixing length in the
eddy viscosity model. However, we can argue that we have already rescaled the mixing
length between regions 2 and 3 by choosing Ie2 " K(x - x.) and se3 ^, h. Allowing
Ma to be different from 1 causes the eddy viscosity models to be discontinuous atM3
X = X, + A. It is interesting to note that the solution's sensitivity to this parameter
vanishes over the outer portion of the surf zone.
We can also vary A, holding m and P constant at 1 and .54, respectively. We can
see from figure 3-13, that varying A has much the same effect varying M. Decreasing
A decreases the mixing in region 2, causing the solution for V to rise faster.
In figure 3-14 , we show a family curves for V when P varies and Aa is held
constant at .2. Increasing the mixing parameter, P, causes more momentum to be
Figure 3-13: Current profiles for a sequence of the width of region 2, A = .02, .05,
and .08, with P = .54 and m = 1M3
transported seaward. This is reflected in the flattening of the curves.
It is also interesting to note the effects the choice of X, has on the solution. Figure
3-15 show curves for V plotted for various X,'s. As the position of the wall is moved
seaward, a smaller longshore current is produced. This makes perfect physical sense.
As the offshore dimension of the surf zone is reduced, less momentum from breaking
waves is transferred to the production of a longshore current.
It is similarly interesting to note the effect the choice of Xoa has on the solution.
Figure 3-16 shows curves for V plotted for various Xoa's. Increasing the equivalent
roughness, Xo,, causes the the solution to rise more slowly near the wall. This is
physically to be expected as increasing the equivelent roughness increases the friction
of the wall on the flow, retarding the current in this region. It is interesting to note
that Xo, must be changed by an order of magnitude for this effect to be apparent.
Comparing these results to Jones' data in figure 3-17, we find that a good fit to
the data with C taken to be .01 is with P = .54 and - = .2. If we require 1- = 1,M 3  M3
then the curve for V is unable to rise fast enough to predict Jones' data.
We see a similar result with the data for Run 2, for which a good fit to the data
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Figure 3-18: Comparison to Jones' data for Run 2 with P = 0.35, C = 0.01 and
A = .023.
can be obtained for C = 0.01, P = 0.28, and A = .023.
Since we are unable to predict Jones' data with the physically reasonable ratio
-= 1 for this model, we turn to the shear layer model.
M 3
3.2.13 Four region model - Longshore current profile with
lateral mixing from wall shear layer model for limit-
ing case R = 0
Adopting the wall shear layer model for T12, the depth-integrated lateral shear stress
given by equation (3.97) in section (3.2.9), we find the following non-dimensional
equation
Q- [(x - X,)Xav - BX1/ 2V = -X3/2
X,+ Xo,, < < X X+ A (3.144)
(3.145)Q CaB /=h tanCav hB
Making a change of variables,
= X - X, (3.146)
and noting that <« X,, we obtain a simplification to the non-dimensional equation
for region 2,
(a)8( Bw-V = -1XW (3.147)
In a manner completely analagous to the solution of (3.119) in section 3.2.12,
(3.147) has a solution of the form
V2 = D1 + D2 In(X - X,) X,+ Xoa < X < X, + A
The requirement that the longshore velocity, V2, goes to zero at X = Xw + Xoa,
allows us to eliminate D 1, whereby we can write
V2 = D2 n (X - Xw (3.149)
In a wall shear layer model, we expect that the depth integrated shear stress can
be expressed as
n2 = Tw = P v* I v*h at x = Xw, + Xoa
Let us expand our expression for TI2 , given by the shear boundary layer model in
section 2.6.4, taking into account the nondimensional relations X = x and V -=XB Vo
and using expression (3.149) for V2 . Thus, we have
where
(3.148)
(3.150)
Q 9
X "2 1
T12 = w = pV* * I h = PI v* I (X -Xa)h ax
av2
= prI * Ihvo(X - Xw)OX
D2
= pI v* hvo(X - Xw,)(x (3(X - X,)
and are able to obtain a relation between D2 and v* such that
v* = D2'vUo (3
Combining (3.152) with (3.145), we find the following expression for Q,
5w2 K2Q = tan2 / sin 8BD2 = qD 2  (316 C2
We now have the following non-dimensional equations for the force balance:
.151)
.152)
.153)
(X - X)X av - BX1/2V = _X3/2
X, + Xoa < X < X, + A
0QPX-
P8X X5/2) - BX1/ 2V = _X3/
POXX5/4 av X BV = 0X3/4
X, < X < 1
1 < X < 00
(3.154)
(3.155)
(3.156)
which have the following solutions for the longshore current when R=O,
D2 In XMXoa
B1XP' + B1XP2 + Ax
C1XP 3 + C2XP4
Xw+Xoa < X < Xw+ A
X +A<X< 1
1 <X <00
with p,p2, P3,P4 and A given by (3.107) and (3.108).
These solutions are identical to those obtained when the breaking wave model for
T12 is used. However, in the breaking wave model, M2 remains an unknown parameter
with no real physical significance. With the shear layer model, I v* I can be related
to D 2 through (3.152).
These solutions are subject to the following conditions for matching
V, 1 are continous at
DV
V, - are continuous at
V is bounded as
X = X, + A
X=1
X -00
(3.158)
(3.159)
(3.160)
Applying these conditions we obtain
D2 1n (") = B1(X, + A)P1 + B2 (Xw + A)P2 + A(X, + A)
q(X, + A)D 2 = P(XW + A)5/2 [B1p1(X, + A)Pi-1
+B 2P2 (X, + A)P2-l + A]
B1 + B2 + A = C1 + C2
p1B1 + p2B 2 + A = Clp3 + C2p4
C1 = 0
Combining (3.163), (3.164) and (3.165), we have
C2 = B1 + B2 + A
(3.161)
(3.162)
(3.163)
(3.164)
(3.165)
(3.166)
(3.157)
and
-(P2 - P4) 2
(P1 - p4)
(1 - p4)
From (3.167) and (3.161) we obtain
D2 n ( A = 2B 2 +d AA
where
2 = [(X + A)P2 -
9A = [(Xw
(P2 
- P4)(Pl -- P4)
+ A) - 4 ) (Xw, +(P1 - P4)
and from (3.167) and (3.162) we obtain
qD+ = a2B2 + aAA
P(X, + A)1/2
where
2 = [p2 (Xw + A)P2 -(P - P4) P
S(P1 P4)
(1 - P4)P1 (
(P1 - P4)
(X, + A)P1
+ A)P1]
Eliminating B 2 from (3.168) and (3.171) results in the follwing quadratic expres-
sion for D2.
q DXD22  In ) D2(P(Xw + A) 1/ 2 2 12n Xo + 2 - UA) A = 0
(3.167)
(3.168)
+ A)P]
A)P1]
(3.169)
(3.170)
(3.171)
(3.172)
(3.173)
Thus,
(3.174)
A = [(X, + A) -
P(Xw + A)1/ 2 °2 (A + P(X, + A)1/2
D2 = 2n +2q 292 Xoa 2q
Or In A -4-X q) 1/2 (2 7 9 A - UA A] 1/2 (3.175)02 Xoa P(X, + A),/ 92
where the positive sign for the square root has been chosen to ensure a positive D2
and a positive V2 given by (3.149) near the wall.
Since we have made no assumption regarding the matching point, A remains a
free parameter. Both X, and Xoa are determined by the physics of the problem. The
coefficient q is a function of C2. Thus, we are left with three free parameters, A, C,
and P.
From Jones' data for Run 1, we take the physical parameters X,, = .32 and
tan / = .024. Xoa is estimated as .0000028.
Looking at the effect of A on the solution for V with constant C = .01 and
constant P = .3 in figure 3-19, we can see that increasing A smooths the velocity
curve, giving a higher and more rounded shape near the wall. The largest value of A
causes the small argument approximation made in acheiving the log profile solution
for V in region 2 to be accurate to only 89 percent.
In figure 3-20, we show a family of curves for V when C varies and P and A are
held constant at .75 and .02, respectively. We can see that increasing C causes V to
be increased in the region near the wall, but has little effect on V further out into
the surf zone.
In figure 3-21 we have held both A = .02 and C = .01 constant and allowed
P to vary. Similarly to the results we saw in section 3.2.12, we see that increasing
the mixing parameter P causes more momentum to be transported seaward and is
reflected in a flattening of the curves.
As seen in figure 3-22, a good fit to Jones' data for Run 1 can be obtained for
C = .01, P = .75 and A = .02, which corresponds to ,i6 ~ h6 . For these values of C
and P we obtain M = M3 = 19.5 from (3.16).
For the data in Run 2 with X, = .36, a good fit can be obtained for C = .01,
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Figure 3-19: Current profiles for a sequence of values of A = .01, .02, .06 and .1, with
P = .3 and C = .01.
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= 0.023
P = .35 and A = .023 as seen in figure 3-23. From these values of C and P we obtain
M3 = 9.
3.2.14 Four region model-Longshore
lateral mixing from shear layer model - general case
R#0
Now, let us consider the case for general R, that is, for R $ 0. If we adopt the
wall shear model for the lateral mixing term in region 2, then we have the following
non-dimensional equations:
(X - Xw)X av) BX1/ 2V = _X3/2 X, + Xoa < X < X, + A
(3.176)
5/2 - BX 1/2V -X3/2
X5/4 V
OX -- )
X + A < X <
BV
= 0X3/4 1 < X < 00
These equations can be solved numerically, but rather than resorting to this let
us consider a perturbation method to give us some insight into the physics of the
system.
For convenience we write,
- w)Xav)axl BSX1/2VQ 1!X3/2Q X, +Xo < X < X,+ A
(3.179)
Q a
P
8X X
Pax
(3.177)
(3.178)
a (
ax (X
current profile with
-xa - 52V B 1X5/2 V BX1/2V = X3/2
aX aX P P
a 514,av) B V
OX ax] P X3/4
X,+A<X< 1
1 < X < 00
Let B(x) = Bay, + B(x) where Bay is some average value for the function B of
0(1) and B(x) the variation of B around this average for which O(B) < O0(1). From
figure 3-7, we can see that in the most extreme case of R, = 1, O(B) < 0(1) except
at the first few peaks near the wall.
Let us further assume that P has a value such that 1/P = 0(1) and that Q has
a value such that 1/Q = 0(1).
We assume a series solution for V
V = Vo+ Vr (3.182)
such that
Vr = O- Vo (3.183)
In this way, we can examine the effects of the oscillation caused by the reflection
of waves from the wall separately from a mean solution of the system.
At the leading order, O o), we have a variation on the familiar form of the
governing equations,
(X - X)XX1/2V = X3/2
aX aX) Q Q Xw + Xoa < X < Xw +A
(3.184)
(3.180)
(3.181)
X5/2 Vo
OX
X5/4
OX 5
BavX1/2Vo = X3/2
P P
a Vo
ax)
Bav Vo 0
=P X3/4P Xa/4
X,+A< X<1
1 <X<00
which have the expected solutions
VoD 1 + D 2 Iln(X - X,)B 1XPI + B 2X P2 + AX
C1XP3 + C2XP4
Xw + Xoa < X < Xw + A
X +<X < X < 1
1 < X < 00
with
1
Bay - P
3 9• 1
P1,2 - z L t P/4 16 P/Bav
P3,4 - - +8 I64 P/Bav
which reduce to (3.107) when Bay = 1 as was assumed earlier.
At the next order, (1), we have
(X - X,) XXaXD BavX1/2V =_ X1/2VoQ rQ Xw + Xoa < X < Xw + A
(3.191)
(3.185)
(3.186)
(3.187)
(3.188)
(3.189)
(3.190)
1 /1 1 \
(X5/2 Vr)
X5 (X/4o---
Ba X1/2V = BX1/2V
P P
Bay Vr
P X 3/4
B Vo
P X3/4
X,+A <X < 1
1 <X<00
which have solutions
DI1 + D 2rln(X - X,)
Vr = BirXP1 + B2rX P 2 + V3rp
CirX P3 + C2rX P4 + V4rp
X, + Xoa < X < Xw + A
(3.194)
1< X < 00
where V3rp and V4rp are the particular solutions to equations (3.192) and (3.193).
These particular solutions
V4rp =
V3rp = -X dt ) [Bit-' + B2tpp'_1 + At-p
P(P2 -- P)
+X P2 /  dt P(p2- P 1) [BtP1-P2-1 B2t-1 + At-P2]
X d B(t) [C2 tp 4 - p 3 - 1] + X P 4 fX (t)_ [C2t_1]
P(p4 - P3) P(P4 - P3)
(3.195)
(3.196)
are found by the method of variation of parameters as explained in Boyce and DiPrima
(1986). These solutions cannot be evaluated analytically and require a numerical
integration scheme to be implemented. We use a scheme based on Simpson's rule
which can be found in Beyer (1991).
The solution for V is subject to the same matching conditions at each order as
(3.192)
(3.193)
those applied in sections (3.2.12) and (3.2.13) for the limiting case R = 0.
V -* 0 as x Xw + Xoa
V, T7 are continuous at X = X, + A (3.197)
av
V, are continuous at X = 1
V is bounded as X -4 oo00
At the leading order, application of these conditions results in the same expressions
for these coefficients as was found in section 3.2.13, with D 2, B 1, B 2, C1, and C2 given
by (3.161), (3.167), (3.171), (3.165), and (3.166), respectively.
At 0 ('), application of (3.198) results in
D2, ln Bi,(X, + A) + B2 (X + A)P2 + Vp3 Ix•+ (3.198)
q(Xw + A)D•2 = P(Xw + A) 5 / 2
[ BirP(X, + A)P-1 + B 2rp2 (Xw + A)P2 l + % ixw±+A (3.199)
Bir + B2r + Vp3 1= Clr + C2r + Vp4 11 (3.200)
plBir + P2B 2r + V I1= ClrP3 + C2rP4 + Vp4 1 (3.201)ax ax
CIr = 0 (3.202)
where Q has been replaced by qD 2r.
Hidden in the result Clr = 0 is the boundedness of Vp4 as X -+ 00. In the limit of
deep water, B, and therefore B, approaches a constant. For a constant value of B,
(3.196) is bounded as X -+ oo.
It can be seen from the forms of Vp3 and Vp4, that these terms and their first
derivatives in X are identically zero when these terms are evaluated at X = X, + A
and X = 1, respectively. Therefore, combining (3.200), (3.201), and (3.202), we find
C2lr= Br + B 2r + Vp3 11
and
Bir - 1 P4 Vp3 |1
(p1 - P4)
= 01r + 02rB2r
From (3.198) and (3.204) we obtain
A
D2r log -= lrk(Xw + A)P' + [€2r(Xw + A)Pi +
Xoa
(XW + A)P2]B 2r
which can be manipulated to give
=$lr(Xw + A)p l
B2 r = -[ 2r(Xw + A)p1 + (Xw + A)p2]
= 
4 1r + V2rD2r
log A
[02r (XW + A)Pi + (XW n+ A)P2] '2
(3.206)
From equations (3.199) and (3.204) we obtain
q(rX = ) p2 p(X, + A) 1 + [52rP1(Xw + A)"' + P2(Xw + A)P2]B 2rP(X, + A) 1/ 2 (3.207)
Substituting (3.206) into (3.207) results in the following quadractic expression for
D 2r
qD2r
P(X + A) 1/ 2 - 2r [ 2 rPl(Xw + A)p ' + p 2(Xw + A)P2]D2r
- [lrpl(Xw + A)"' + A1r (5 2rP1(Xw + A)p' +P 2 (Xw + A)P2)] = 0 (3.208)
(P2 - P4) B2r
(P1 - P4)
(3.204)
(3.205)
(3.203)
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Figure 3-24: The first order solution, Vo, compared to Jones' data from Run 1 with
P = .55, C = .01 and A = .02.
which when conveniently written as
dl D2 + d2D2r + d3 = 0 (3.209)
can be solved for
1 d2  1 1 2D 2r = + di -d 4did3  (3.210)
2 d1  2d1
Using the data from Jones' Runl, we calculate Vo and Vr. Ba, is determined as
the average value of B in region 3, 1.13. In figure (3-24), we see the results of the
solution for Vo. This is the mean solution similar to the solutions obtained for R = 0.
In figure (3-25), we see the results of the solution for Vr. We see that the effect
of the second order solution is to add both oscillatory and mean effects, reducing the
total solution (V = Vo + Vr) near the wall and increasing it further out in the surf
zone. It is clear that the oscillatory effect predicted by the theory is extremely small
compared to Jones' data.
For comparison's sake, let us magnify V. so that we can compare it qualitatively to
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Figure 3-25: The second order solution, Vr, with P = .55 and A = .02.
Jones' data. In figure (3-26) we see that the oscillatory behaviour of V, is qualitatively
in the correct location when compared to Jones data.
Physically, we expect the oscillatory behaviour of the solution to be damped by
turbulent mixing. In the limit of no mixing, we obtained a solution in section 3.2.11
with very large ocillations present as seen in figure (3-6). This seems to point to the
value of P chosen to predict Jones' data to be too large. Furthermore, with P = .55
and C = .01 for the Run 1 data, we obtain a value of 16.3 for M3 . For the Run 2
data, with P = .35 and C = .01, a value of M3 = 9 is obtained. Both values for M3
are at least an order of magnitude larger than the value obtained by Ostendorf and
Madsen (1975). Since P and M3 are inversely proportional to C in equation (3.16),
this would suggest that P may be an order of magnitude too large.
In our perturbation model, we assumed that 1/P = 0(1), which is true for P = .35
and P = .55. Now, if we reduce P by an order of magnitude, then B/P is no longer
a small parameter less than 1. Looking at our governing equation in the surf zone,
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Figure 3-26: Magnification of the second order solution, V,, 50 times compared to
Jones' data for Run 1
P (X52CV)/ (1 B- ) X/2V 1 X3/2 Xw + A < X < 1
Bav (X aX Bay Bay
(3.211)
we see that P is a better choice for a small parameter. A small parameter multiplying
the highest order derivative suggests a solution by WKB method, which is beyond
the scope of this thesis. (WKB method can be found in Bender and Orzag (1990).)
However, we turned to the perturbation method to gain some physical insight
by examing the effects of reflection separately from a mean solution similar to the
solution for R = 0. Therefore, even though the perturbation is not strictly correct
for this order of P, we will use it to gain some physical insight into the effect of small
P on the solution for V.
Using the data from Jones' Run 1 with Ba, = 1.13, P = .015 corresponding to
M3 = .39 we calculate Vo and Vr. As we see in figure 3-27, the oscillatory effects of
Vr are now of the order of Jones' data. Thus as we expected a reduction in the value
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Figure 3-27: Vo, Vr, and V compared to Jones' data for Run 1 with P = .015, C = .01
and A = .02
of P results in an increase in the size of the oscillatory effects. Again we see that in
addition to the oscillatory effect the second order solution has a mean effect which
reduces the total solution for V near the wall and increases it further out in the surf
zone.
It is unfortunate that Jones had a counter current just outside the surf zone in
his experimental set-up since this current introduced a retarding shear stress into the
system. This retarding stress would have the effect of reducing the longshore current
near the breaker line, thus flattening the profile of V. And indeed, we see a very
flat profile in Jones' data. It is entirely possible that without the presence of this
current Jones' experimental profile might have peaked closer to the breaker line as
the theoretical model did.
We also considered a second model to estimate the effect of P on the size of the
oscillations.
We begin with the familiar equation in region 3,
P a X52 - BX1/ 2 V = -X 3/2  X + A < X < 1
Expanding the derivatives and dividing by X 1/2, we obtain
5P OV
+ X - BV = -X2 YX X + A < X < 1 (3.213)
Let us simply approximate B by
B = B,, - R' cos(KbX + Ac) (3.214)
where R', Kb, and Ac are some constants chosen to locally fit B. We expect Kb
O(47rxB/L) > 1 where L is the local incident wavelength, 27rV gh/w.
We make the assumption that R' < Bay and that Ba,=0(1). We further assume
an expansion of the form
(3.215)
from which we obtain at O(R'O),
5P xVo
+ X - Ba,Vo = -X2 dX XW+A < < 1X
2 OX
XW+A <x<1
We have the standard solution to the first order equation
(3.212)
PX2 2V
aX 2
V = Vo + R'Vi + ...
pa2Vo
PX2 X 2
aX 2
and at O(R ' ) ,
(3.216)
PX2 X2V1OX 2
(3.217)
Vo = B1XP1 + B2X p2 + AX
where A, pl, and P2, are given by (3.188) and (3.190).
At the second order, we find a homogeneous solution of the same form as the
homogeneous solution in the first order. Let us assume that by proper choice of
coefficients at the first order that the second order solution can be considered to be
part of the first order solution. Thus we examine only the particular solution.
Now, since Kb is large, the cosine term varies very rapidly over a short distance
in X. By contrast, powers of X vary much more slowly over the same distance. Let
us assume that for a small distance in X, say that necessary for a single cycle of the
cosine term, we can approximate X by Xor and Vo by Vor in the slowly varying terms.
Then, our equation at the second order becomes
P 2VI  5P WV1
PX 2  + Xo - B,,Vi = - cos(KbX + AL)V 0r
X, + A < X < 1 (3.219)
We try a particular solution to this equation of the form
V1 = A, cos(KbX + A,) + Bpsin(KbX + A,); (3.220)
Substituting (3.220) into (3.219) we obtain
-P(XorKb) 2 [Apcos(KbX + A,) + Bpsin(KbX + A,)]
+2P(Xo,Kb)[-Apsin(KbX + A,) + Bpcos(KbX + A,)]
-B,,[Ap cos(KbX + Ac) + Bp sin(KbX + A,)] = -Vor cos(KbX) (3.221)
Collecting terms proportional to sin(KbX + A,) we find
(3.218)
- P (KbXor)BP(K) + A
P(KbXor)2+ Ba (3.222)
and collecting terms proportional to cos(KbX + Ac) we find
Vor (P(KbXor)2 + Bav) (3.223)
(P(KbXo,) 2 + Ba,, 2 + (+PKbXOr)2
To check the consistency of the model, we examine the limits P -+ oo and P -+ 0.
As P -+ oo, we have large lateral mixing and both A, and Bp -- 0. Thus, we do not
see the effects of reflection. As P -+ 0, A, -4 V,/Bav and B, -+ 0, and we have,
VOTS Vor cos(
Bay
KbX + Ac) Vo cos(KbX + Ac)
Bay
Then, we can write,
V = Vo+ R'V1
X
Bay
+ R' cos(KbX + Ac)
1
Bav 1 a, cos(KbX + Ac)
Ba, - R' cos(KbX + Ac) (3.225)B
This is the correct no mixing solution. This model is then at least correct in its
limiting behaviors.
We can rearrange A, and B, in terms of the quantity Ba,,/P so that
Vor ((KbXor)2 +
P ((KbXor)2 + ) + (MKbXor)2
-5 (KbXor)B 2  B A,
B (KbXor)2+ P
(3.226)
(3.227)
From this form of A, and Bp, it is clear that the size of the oscillations is inversely
proportional to P. Let us use the model to estimate the magnitude of the oscillations
for various P.
(3.224)
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Figure 3-28: The function Ba, - R' cos(KbX + Ac) has been fitted to 3 intervals of B
We begin by fitting the function Ba,,R' cos(KbX + Ac) to B. B here is calculated
using the data for Run 1. Since we have assumed that Xor and Vor are constant over
a small range of X, we fit our function over intervals no greater than a "wavelength"
of B. As seen in figure 3-28, we have fitted 3 intervals near the wall. In the first
interval, Xor = .41, Kb = 86, A, = 4.64, and R' = .61. In the second interval,
X 0r = .48 Kb = 83, cA = -. 2, and R' = .5. And in the third interval, Xor = .55
Kb = 81.5, AC = .6, and R' = .41.
Using the first interval, we calculate R'V1 for P = .75. As we expect, figure
3-29 shows the oscillations to be quite small and not comparable to the data but
comparable in magnitude to the oscillations of the second order solution shown in
figure 3-25.
If we decrease P by a little more than an order of magnitude and try the value
P = .01 corresponding to M3 = .26, we find that the oscillation increases to a
magnitude of the order of Jones' data as shown in figure 3-30.
Adding these oscillations to the mean solution for P = .01, we see in figure 3-31
the resulting current structure for the first few intervals. This result agrees well with
our result from the perturbation method. Both models suggest that a low mixing
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Figure 3-29: R'V for P = .75
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Figure 3-30: R'Vx for P = .01
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Figure 3-31: The effect of reflection on V near the wall for P = .01 and A = .02
compared to Jones' data for Run 1 with C = .01.
coefficient of order P = .01 is necessary to obtain oscillations in the solution for V as
large as those present in Jones' data.
3.2.15 Comparison of longshore current on seawall protected
beach and current on unprotected beach
Let us compare the solution for the longshore current obtained by the perturbation
solution for a seawall-protected beach to the longshore current that would be present
on a beach with no protecting seawall for the same values of P and C. As we see
in figure 3-32 for P = .015 and C = .01, the presence of the wall decreases the
peak longshore current near the wall, but increases it further out into the surf zone.
We have seen in section 3.2.12 that moving the seawall seaward decreases the peak
magnitude of the longshore current significantly when P = .54. However, when
P = .01 we have the behavior of figure 3-33. In this case, the peak magnitude of the
longshore current is not affected until the seawall is placed quite close to the breaker
line. This implies that peak magnitude of the longshore current is highly sensitive to
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Figure 3-32: Comparison of longshore current on seawall-protected and unprotected
beaches for X, = .32, P = .015, and A = .02
both the placement of the wall and the value of the mixing parameter.
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Figure 3-33: The effect of the position of the seawall on the peak magnitude of the
longshore current for P = .01
Chapter 4
Conclusions
Seawalls protect many coastal ports and harbors as well as private beach front prop-
erty. By their nature as barriers to ocean forces, these walls are subject to these
same forces which they block from the coast. One of the most common effects of
these forces is scour, or local erosion, at the base of the structure. Scouring can be
dramatic, and if extensive enough, contribute to the failure of the structure through
slumping or overturning. The loss of protection to the coast and the resulting cost
of replacement make good engineering design important. It is for this reason that
we need to understand the sediment transport mechanisms (waves and currents) in
the surf zone - especially near the structure. Wave mechanisms have been studied
extensively, but little has been done to examine the role the longshore current plays
in producing scour. A first step in understanding the role the longshore current in
local erosion is examining the seaward structure of this current on a seawall-protected
beach.
We began our analysis in a similar manner to the work of Longuet-Higgins (1970)
and Ostendorf and Madsen (1975) on unprotected beaches by considering a stress
balance between the alongshore directed radiation stress, the opposing bottom shear
stress and lateral mixing. The lateral mixing model in the surf zone was based on
vertically oriented eddies produced by breaking waves. To account for the effects of
smaller lateral mixing at the seawall, we developed a four region lateral mixing model.
This model includes the shoaling zone, the surf zone, a region of diminished mixing
near the wall, and a wave-current boundary layer very near the wall which acts as an
added roughness. The region of diminished mixing behaves as a shear layer with a
standard logarithmic solution.
We developed expressions for the radiation stresses based on a combined wave
height for incident and reflected waves. This was based on our assumption that inci-
dent waves break approaching the shoreline, but reflected waves shoal as they travel
seaward. In the limit of no reflection these expressions reduced to the expressions
given by Longuet-Higgins (1970) for the radiation stresses for incoming waves. When
we modified our assumption for non-breaking incident waves traveling over a constant
depth, we obtained expressions which in the case of complete reflection agreed with
the previously published results of Mei (1973).
We also developed a model for the bottom shear stress which took into account
the fact that the shore-normal wave orbital velocity reduces to zero at the wall and
thus did not neglect the shore-parallel component of the wave orbital velocity with
respect to shore-normal component as was done in the unprotected beach models.
Because this bottom shear stress is proportional to the wave orbital velocities of a
standing wave, the current profile has an oscillatory structure across the surf zone.
The effects of mixing, bottom friction, seawall placement, wall friction and width
of the wall boundary layer were studied about the mean profile for which there is
no reflection considered. It was found that the both location and magnitude of the
maximum value of the solution for the profile of the longshore current were highly
sensitive to both mixing and wall placement. While variation of the bottom friction
had only a small effect on the theoretical solution for the longshore current, since
the bottom friction scaled the non-dimensionalized experimental data, comparison of
theoretical solution to experimental data was highly sensitive to this parameter. The
width of the boundary layer affected the shape of the solution near the wall. Wall
friction affected how quickly the solution rose near the wall, but required an order of
magnitude difference for the effect to be apparent.
Several solution methods were used to examine the effects of reflection on the
solution for the longshore current. It was found in general for the no reflection
solution, that as the seawall was placed closer to the breaker line, the maximum
magnitude of the longshore current was reduced. However, this reduction was highly
sensitive to the mixing parameter, and for low mixing, the maximum magnitude was
not reduced until the wall was placed quite close to the breaker line. Comparison
was made between current profiles accouting for reflection for a seawall-protected
beach and for an unprotected beach. It was found that the current profile for the
seawall-protected beach was slightly higher near the breaker line for a low mixing
parameter.
A perturbation method which separated oscillatory effects from mean effects was
developed for a mixing parameter, P, when 1/P was of order one. It was found that
values of the mixing parameter P at this order were too high for the oscillatory effects
to be significant. This method, although not strictly valid for 1/P of order greater
than one, gave reasonable results for small P. A second model was also developed to
examine the effect of P on the magnitude of the oscillations. It was found that the
magnitude of the oscillations varied roughly inversely with the mixing parameter.
In a comparison to experiments performed by Douglas Frank Jones at the Uni-
versity of Florida, it was found that a low value of the mixing parameter, P = O(.01)
was necessary to predict the oscillations obtained by experiment. However, at such a
small value of mixing, the model predicted the peak value of the curent closer to the
breaker line where Jones was unable to obtain data due to experimental conditions.
Jones had a counter current present in his experimental basin just outside the surf
zone which acted as an opposing shear stress on the longshore current, causing the
longshore current to diminish to zero within the surf zone.
With such a limited data set available for comparison to theory, the need for
further experiments is clear. Beside the development of a data set for longshore
current conditions, further experimental work is needed to determine how a reflected
wave affects the breaking condition.
With the ultimate goal of understanding scour at the base of the seawall, it is
also necessary to couple a longshore current model with bedload and suspended load
sediment transport models. To be of practical engineering importance, these models
will need to be compared with field evidence.
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